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FIG. 2. Top and middle: Temporal evolution of the total helicity
HV in several runs with different values of Fr, Ro, and N , as given
by the labels. Note that the time averaged value of HV is negative,
indicating negative helicity prevails in these runs even when the initial
value of the helicity is positive. On top are runs with the same Fr
whereas in the middle, runs with N/f = 1 but with different Fr are
shown. Bottom: Time evolution of the kinetic enstrophy ZV in runs
with Fr ≈ 0.01 and N = 12.56, and with different values of Ro. In
all panels, oscillations are due to gravity waves, with their period
proportional to N .

ZV , with slightly smaller values. Note that in all quantities the
oscillations are due to gravity waves because of the fact that
our initial conditions are chosen to be unbalanced, and their
periods are proportional to N . Across all runs, the maximum of
ZV varies from 30 (for weak waves) to ≈ 2.5, corresponding to
the smallest Froude number considered. The time to reach this
maximum varies from 1.5 to 3.2 τNL. The growth of enstrophy
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FIG. 4. (Color online) Variations of r = −〈H⊥〉⊥,t /〈w∂zθ〉⊥,t

[see Eq. (9)] with vertical layers of index zn; n ∈ [1,256] is the index
of the vertical plane, and the data are temporally averaged around
the peak of enstrophy. The horizontal lines give the geostrophic
balance prediction. Both runs are performed on grids of 2563

points with Re ≈ 4 × 103,Fr = 0.0127, and ReFr2 ≈ 0.672. Top:
N/f = 1.5,ReRo2 ≈ 1.51. Bottom: N/f = 16.7,ReRo2 ≈ 186.6. In
the latter case, the prediction stemming from assuming weak
nonlinearities no longer applies.

is typical of a turbulent flow, and is due to vortex stretching.
The growth in the presence of waves is weaker, a characteristic
of a wave turbulence regime.

The overall structures in this type of flows are shown in
Fig. 3, which displays the volume rendering of buoyancy
right after the peak of enstrophy for a run with Fr = 0.1 and
N/f = 4 (left), and for a run with Fr = 0.025 and N/f = 2
(right), both performed on grids of 5123 points and with
identical initial Reynolds numbers. The 3D rendering puts
in evidence the stratification and the presence of large-scale
layers; small-scale features with curved ribbons also occur for
the run with smaller stratification. The run with Fr = 0.1 shows
strong turbulent fluctuations, whereas the run with Fr = 0.025
is smoother, with weaker small-scale fluctuations.

We now examine the relation given by Eq. (9). In Fig. 4
is given the variation with the vertical index zn (i.e., the

FIG. 3. (Color online) Visualization of the buoyancy θ in runs with 5123 grids, for Re ≈ 10 000, Fr = 0.1, and Ro = 0.4 (left) and for the
same Re, Fr = 0.025, and Ro = 0.05 (right). The vertical direction is indicated by the blue arrow; dark (blue) and light (green) strata represent
respectively positive and negative variations in θ around its mean, with sizable fluctuations and structuring, and with more turbulent eddies at
higher Froude number.
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