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The recently proposed one-parameter ExpCub procedure (Ahmad et al. [2023]) allows
to predict stress-strain curves covering the linear (up to 0.3) and non-linear (up to 1.5)
strain region of multi-layer elastomer silicone composites as a function of their effective
low-strain Young’s modulus (up to 65 kPa). Therefore, the procedure is of potential
interest for multi-layer silicone composite design as it limits the need for experimental
data. In this work, performance statistics of the ExpCub procedure are compared to those
obtained for best fit reference models depending on one (neo-Hookean), two (Yeoh, Gent,
Odgen, Mooney-Rivlin, exponential and cubic relationships) or more (Pucci-Saccomandi,
Yeoh, Odgen, Criscone, generalized Mooney-Rivlin) model parameters. It is found that
the predictive one-parameter ExpCub procedure and the best fit one-parameter neo-
Hookean model result in a similar accuracy considering the coefficient of determination,
e.g. median value 95% or more. It is further observed that the accuracy (coefficient
of determination 99.9%) of best fit curves obtained for two-parameter exponential and
cubic relationships, underlying the ExpCub procedure, competes with the overall best
accuracy observed for multi-parameter models such as the Yeoh model with two or three
parameters. These findings are confirmed considering the Akaike or Bayesian information
criterion for model selection. Therefore, it is concluded that the ExpCub procedure is
efficient as well as accurate, which confirms its interest as a predictive model for the
non-linear stress-strain behaviour of elastomer silicone composites.
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1. Introduction

Molded multi-layer elastomer silicone composites (SCs) are of interest for a wide

range of applications. For example, in the context of soft tissue engineering for

biomaterials, they allow to mimic the multi-layer anatomical vocal fold structure

in physical studies of the fluid-structure interaction that drives vocal fold auto-

oscillation during voice production [Murray and Thomson, 2012; Tokuda and Shi-

i
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mamura, 2017; Bouvet et al., 2020]. Nevertheless, their a-priori non-linear stress-

strain behaviour, and thus certainly their optimal stress-strain design, may be ham-

pered by the lack of a predictive model. It follows that currently the stress-strain

behaviour of SCs needs to be determined from mechanical tension testing. This

often requires a laborious process involving trial-and-error molding and subsequent

testing, which limits the usefulness of SCs in systematic parametric studies of the

influence of stress-strain behaviour on physical phenomena e.g., driven by fluid-

structure-interaction.

To help solve this problem, recently Ahmad et al. [2023] proposed an analytical

one-parameter non-linear stress-strain model approach for molded elastomer-based

SCs under uni-axial tension load for strains up to 1.5, corresponding to elongations

up to 350%. This approach, for convenience labelled the ExpCub procedure and

detailed in Section 3, depends only on the effective low-strain Young’s modulus

(Eeff ) characterising the elastic low-strain region, which for assessed elastomer-

based SCs coincides with strains up to 0.3 [Ahmad et al., 2023; Van Hirtum et al.,

2023]. For these SCs, Eeff (up to 65 kPa) is either obtained from experimental

characterisation under low-strain tension load or estimated analytically considering

homogenised SCs in the case that multi-layer stacking characteristics (geometry,

positioning and Young’s modulus of each layer in the stack) are known [Ahmad

et al., 2021, 2022]. As a result, the ExpCub procedure is efficient in reducing or

eliminating the need for experimental characterisation and thus in accounting for

the non-linear stress-strain behaviour from the SCs design stage onward. To ex-

plore the potential of the ExpCub procedure beyond its efficiency for SC’s design

and selection, in this work, its accuracy is compared with best fits obtained from

reference hyperelastic constitutive models for isotropic, homogeneous and incom-

pressible elastic materials under uni-axial tension. Reference models with one, two

or more parameters are considered as outlined in Section 2 since models with three

or more parameters are known to improve the accuracy [Destrade et al., 2017]. As-

sessed stress-strain datasets on 22 SCs are summarised in Appendix A. Quantified

model accuracy measures (coefficient of determination R2 or adjusted coefficient

of determination R2
a) and information criteria for model selection (Akaike AICc or

Bayesian BIC) are outlined in Appendix B. Statistics of these model performance

measures on assessed datasets are compared and discussed in Section 4. A conclu-

sion is formulated in Section 5.

2. Hyperelastic reference models for uni-axial tension

2.1. Basic equations for uni-axial stress-strain behaviour

For an incompressible material with initial length l0 and initial cross-sectional area

A0 subjected to an uni-axial force F resulting in elongation ∆l along the force
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direction, true stress σt and true strain εt are given as

σt =
F
A

and εt = ln

(
l

l0

)
, (1)

with l = l0+∆l and A indicating respectively the length and the area of the material

after deformation, the latter quantity being obtained as A = A0 l0/l according to

volume conservation [Ahmad et al., 2021]. For strains εt ≤ εl, SCs exhibit low-strain

linear elastic stress-strain behaviour characterised by an effective Young’s modulus

Eeff corresponding to the linear slope of the stress-strain curve so that

Eeff =
σt

εt
. (2)

For strains εt > εl, the stress-strain relationship becomes non-linear until poten-

tially a high-strain linear region is reached [Ahmad et al., 2023; Van Hirtum et al.,

2023].

Continuous non-linear hyperelastic constitutive stress-strain models account for

the linear low-strain onset characterised by Eeff , the subsequent non-linear region

and a potential linear region of high strain. When considering homogeneous defor-

mations and homogeneous strain, deformations are of the form

x1 = λ1X1, x2 = λ2X2, x3 = λ3X3, (3)

with Cartesian material coordinates (X1, X2, X3), spatial deformation coordinates

(x1, x2, x3) along the same axes and principal deformation stretches λ1, λ2 and λ3.

Setting λ1 = λ, the incompressibility constraint λ1 λ2 λ3 = 1 gives λ2 = λ3 = λ−ν

with generalised Poisson ratio ν = 0.5. Further applying the assumption of isotropy,

shear modulus µ relates to Eeff as

µ =
Eeff

2(1 + ν)
, (4)

so that for ν = 0.5

µ = Eeff/3. (5)

Under these conditions, the strain invariants become either function of λ or take on

a constant value as

I1 = λ2 +
2

λ
, I2 =

1

λ2
+ 2λ, I3 = 1. (6)

Strain energy density function W is defined as the materials strain energy per unit

volume expressing the work done by the load or

W (λ) =

∫ λ

1

σt(λ)

λ
dλ, (7)
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with elongation λ ≥ 1 and λ = eεt . Consequently, for an incompressible material and

considering Eq. (6), the stress-strain relationship for uni-axial tension is derived from

W (λ) or W (I1, I2) when expressed as a function of the strain invariants following

σt = 2
(
λ2 − λ−1

)(∂W

∂I1
+ λ−1

∂W

∂I2

)
. (8)

In the next Section 2.2, the strain energy density function W for reference consti-

tutive hyperelastic stress-strain models is given. The number of model parameters

M is indicated.

2.2. Reference hyperelastic stress-strain models for uni-axial

tension

In this section, hyperelastic stress-strain reference models with a different number

of parameters M ≥ 1, and thus a different model complexity, are presented [Og-

den, 1997; Fu and Ogden, 2001; Lemaitre, 2001; Taber, 2004; Odgen et al., 2004;

Drozdov and Gottlieb, 2006; Fung, 2010; Marckmann and Verron, 2006]. As the

ExpCub procedure relies on one parameter, comparison with the reference one-

parameter (M = 1) model described in Section 2.2.1 is essential. Comparison with

two-parameter models is pertinent since the ExpCub procedure is derived from

mathematical two-parameter (M = 2) relationships, i.e., two-parameter exponen-

tial and cubic relationships detailed in Section 4.3. For completeness, also more

complex multi-parameter (M ≥ 3) models are assessed.

2.2.1. The one-parameter neo-Hookean model, M = 1

The neo-Hookean (nH) hyperelastic model is a one-parameter model (M = 1) ob-

tained as a limit case of the thermodynamically based Arruda-Boyce model [Arruda

and Boyce, 1993; Ogden, 1997; Gent, 2012]. It has thus the advantage of following

from a physics-based mechanistic model. For an incompressible material, the strain

energy density function depends on the first strain invariant I1 only as

W (I1) =
µ

2

(
I1 − 3

)
. (9)

Shear modulus µ in the natural or undeformed stress-free configuration can thus be

estimated by fitting Eq. (9) to measured stress-strain data.
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2.2.2. The multi-parameter Yeoh model, M ≥ 1

The truncated strain energy density function of the Yeoh (Y) polynomial

model [Yeoh, 1993] depends on the first strain invariant I1 as

W (I1) =

M∑
i=1

Ci(I1 − 3)i (10)

with M ≥ 1 unknown parameters and (Ci) material constants. The initial shear

modulus is obtained as µ = 2C1. For M = 1, Eq. (10) reduces to Eq. (9) associated

with the one-parameter neo-Hookean model.

2.2.3. The two-parameter Gent model, M = 2

The Gent (G) model is a two-parameter model (M = 2) [Gent, 1996], reflecting the

behaviour of molecular models based on Langevin statistics, for which the strain

energy density function is given as

W (I1) =
µ

2
Jm log

(
1−

I1 − 3

Jm

)
(11)

with the two-parameter set (µ, Jm) indicating shear modulus µ and stiffening pa-

rameter Jm > 0. It is generally assumed that Jm ≫ 1 as it indicates the upper

limit of strain invariant I1 and I1 < 3+Jm indicating limiting chain extensibility in

molecular-based models. For Jm → ∞, Eq. (11) reduces to the neo-Hookean model

of Eq. (9). The model is often used to describe rubber elasticity as it represents well

material stiffening at large strains.

2.2.4. The three-parameter Pucci-Saccomandi model, M = 3

A three-parameter (µ, Jm, C2) extension of the Gent model is the Pucci-Saccomandi

(PS) model [Pucci and Saccomandi, 2002], and thus also a limiting chain extensi-

bility model, characterised by

W (I1, I2) =
µ

2
Jm log

(
1−

I1 − 3

Jm

)
+ C2 log

(
I2

3

)
(12)

where the additional parameter in the second term indicates the contribution of I2.

For C2 = 0, Eq. (12) reduces to Eq. (11) of the Gent model.

2.2.5. The multi-parameter Odgen model, M ≥ 2

The series expansion characterising the strain energy density function of the phe-

nomenological multi-parameter Odgen (O) model [Ogden, 1997; Odgen et al., 2004]
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restricted to a finite number of terms L ≥ 1 is given as

W (λ) =

L∑
i=1

µi

αi

(
λαi + 2λ−αi/2 − 3

)
(13)

with M = 2L ≥ 2 unknowns from L two-parameter sets (µi, αi), which are material

constants satisfying the requirements

L∑
i=1

µiαi = 2µ and µiαi > 0. (14)

2.2.6. The multi-parameter Criscone model, M ≥ 3

The Criscone (C) model [Criscione et al., 2000] relies on invariants K1, K2 and

K3 of the natural or Hencky strain with principal values (lnλ1, lnλ2, lnλ3). For an

incompressible and isotropic material under uni-axial tension, the truncated series

expansion of the strain energy function with L ≥ 3 reads

W (K2,K3) =

L∑
i=2

1

i
γi−1K

i
2 +K3

L∑
j=3

ξjK
j
2 (15)

as a function of the stretches

K2 =

√
6

2
lnλ and K3 = 1 (16)

for M = 2L− 3 terms and unknown parameters (γ1, . . . , γL−1, ξ3, . . . , ξL).

2.2.7. The two-parameter Mooney-Rivlin model, M = 2

The strain energy density function for the two-parameter Mooney-Rivlin (MR)

model [Mooney, 1940; Rivlin, 1948; Boulanger and Hayes, 2001] is given as

W (I1, I2) = C1(I1 − 3) + C2(I2 − 3) (17)

with two unknown (M = 2) material constants C1 and C2. The initial shear mod-

ulus is given as µ = 2(C1 + C2). For C2 = 0, Eq. 17 reduces to the one-parameter

neo-Hookean model as µ = 2C1.

2.2.8. The multi-parameter generalized Mooney-Rivlin model, M ≥ 3

Several models are based on a series expansion so that in general a polynomial

generalized Mooney-Rivlin (gMR) model (or polynomial hyperelastic model) is of
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interest [Bower, 2009]. In this case the strain energy density function is given by a

truncated series expansion with L ≥ 1 as

W (I1, I2) =

L∑
i,j=0

Cij(I1 − 3)i(I2 − 3)j (18)

with C00 = 0 and thus M = (L+1)2−1 unknown parameters Cij denoting material

constants. The initial shear modulus is obtained as µ = 2(C01+C10). For L = 1 and

imposing C00 = 0 and C11 = 0, Eq. 18 reduces to the two-parameter Mooney-Rivlin

model with C1 = C10 and C2 = C01. Consequently, when in addition C01 = C2 = 0

holds, Eq. (18) coincides with the one-parameter neo-Hookean model.

3. One-parameter ExpCub procedure for SCs, M = 1

The rapid non-linear increase of stress-strain curves measured on elastomer SC

specimens [Ahmad et al., 2023; Van Hirtum et al., 2023] (seeA) is also observed

for soft biological tissues [Alipour and Titze, 1991; Odgen et al., 2004; Gou, 1970;

Fung, 1967, 2010; Demiray, 1972; Zhang et al., 2006; Tanaka et al., 2011; Burks

et al., 2020]. In line with the qualitative description of this behaviour, ‘an exponen-

tial toe followed by a linear elastic region’ [Fung, 1967; Alipour and Titze, 1991;

Tanaka et al., 2011], a two-parameter (A,B) non-linear exponential stress-strain

relationship,

exponential: σt(εt;A,B) =A (eB εt − 1), (19)

is used since the pioneering work of Fung [Fung, 1967]. Additionally, and following

the use of a third order or cubic polynomial stress-stain relationship in previous

works [Alipour and Titze, 1991; Saccomandi et al., 2022], it was shown for the SCs

of interest [Ahmad et al., 2023] that a two-parameter (a, b) cubic relationship,

cubic: σt(εt; a, b) =a ε3t + b εt, (20)

provides a near match to the exponential relationship in Eq. (19) for strains up to 1.5

(εt ≤ 1.5) corresponding to specimen elongations up to 350%. Consequently, both

the exponential and cubic two-parameter relationship provide accurate estimations

of measured SCs stress-strain curves as coefficients of determination (Eq. (B.1)) as-

sociated with the best fit accuracies yield R2 > 99% for both relationships [Ahmad

et al., 2023; Van Hirtum et al., 2023]. Estimated best fit two-parameter sets are de-

noted (Â, B̂ ) for the exponential and (â, b̂ ) for the cubic stress-strain relationship.

The near match of both Eq. (19) and Eq. (20) in this strain range (εt ≤ 1.5)

is exploited in [Ahmad et al., 2023] to analytically model expressions (Modelled
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parameter sets, suffix -M) for the exponential (Eq. (19)) and cubic (Eq. (20)) two-

parameter sets. The modelled two-parameter sets are given as:

exponential (E-M): (Ã, B̃) ≈ (Eeff / 2.15, 2.15), (21a)

cubic (C-M): (ã, b̃) ≈ (2.53 Eeff , Eeff ). (21b)

The linear low-strain stress-strain behaviour in terms of these modelled parameters

is then expressed as Ã B̃ ≈ Eeff and b̃ ≈ Eeff for the exponential and cubic rela-

tionship respectively. These modelled parameter expressions (Eq. (21)) are either

constant (i.e., for B̃) or proportional to Eeff (i.e., for Ã, ã and b̃). Fitting these

functions to a subset of overall best fit parameters estimated on measured SCs stress-

strain datasets leads to the following data-based approximations for the exponential

(Eq. (19)) and cubic (Eq. (20)) two-parameter set approximations (Data-Based pa-

rameter sets, suffix -DB) [Ahmad et al., 2023]:

exponential (E-DB): ( ˆ̂A, ˆ̂B) ≈ (Eeff / 3.03, 2.21), (22a)

cubic (C-DB): (ˆ̂a, ˆ̂b) ≈ (1.78 Eeff , 0.92 Eeff ). (22b)

Thus, both analytically modelled (Eq. (21), suffix -M) or data-based approx-

imated (Eq. (22), suffix -DB) two-parameter sets depend only on the low-strain

effective Young’s modulus Eeff of the homogenised SC. Thus, for either one of

these these parameter sets (Eq. (21) or Eq. (22)), the exponential (Eq. (19)) as well

as the cubic (Eq. (20)) relationship reduces to a one-parameter model approach for

the uni-axial stress-strain behaviour in the strain range up to 1.5. The parameter

Eeff has the advantage to be physically meaningful, so that it can be measured from

tension testing limited to low-strain loads (up to 0.3). Alternatively, Eeff can be

modelled from known stacking characteristics, i.e. the composition, geometry and

position of each layer in the SCs stack [Ahmad et al., 2021, 2022]. Consequently, the

outlined one-parameter non-linear stress-strain ExpCub procedure is efficient as the

need for stress-strain measurements is eliminated in the case that Eeff is modelled

or limited to the low-strain region (εt ≤ 0.3 for assessed elastomer SCs, see A) when

Eeff is measured. Next, a comparison of the performance of the ExpCub procedure

with other stress-strain models, such as the ones outlined in the previous section 2,

is presented.

4. Comparison of model performance statistics

Models performance statistics accounting for both their accuracy and their complex-

ity are quantified considering the (adjusted) coefficient of determination R2
(a) and

Akaike information criterion AICc as detailed in Appendix B. Performance statis-

tics for the ExpCub procedure and best fit reference models with one (M = 1 in

Section 4.1), two (M = 2 in Section 4.2) or more (M ≥ 3 in Section 4.3) parameters
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Table 1. Overview of median, interquartile minimum and lowest extremum of performance
statistics R2 (in %, rounded to an integer) associated with boxplots in Fig. 1 for best fits
outcomes (nH-bf, E-bf, C-bf) and for one-parameter approaches (nH-M, E-M, E-DB, C-M
and C-DB). For convenience, model parameters are indicated.

neo-Hookean (nH-) exponential (E-) cubic (C-)

nH-bf nH-M E-bf E-DB E-M C-bf C-DB C-M

parameter(s) µ Eeff (A,B) Eeff Eeff (a, b) Eeff Eeff

median 95 89 99 98 87 99 97 86
interquartile 92 75 99 93 76 99 92 80
extremum 85 47 99 85 62 99 86 66

are compared. Examples of modelled and measured (Appendix A [Ahmad et al.,

2023; Van Hirtum et al., 2023]) stress-strain curves σt(εt) are systematically illus-

trated for SCs with different Eeff ≤ 65 kPa (see Fig. 8(b)), i.e., 4.0 kPa, 7.5 kPa,

23.4 kPa and 64.7 kPa.

4.1. Comparison with one-parameter neo-Hookean model, M = 1

From the reference models listed in Section 2.2, only the neo-Hookean model de-

pends on one parameter, i.e., shear modulus µ. Consequently, model performance

statistics of the neo-Hookean model can be seen as a performance benchmark for

the one-parameter ExpCub procedure outlined in Section 3.

Boxplots of model accuracy R2 and Akaike information criterion AICc for the

neo-Hookean (nH-· using Eq. (9)) model and the ExpCub procedure applied to ei-

ther the exponential (E-· using Eq. (19)) or cubic (C-· using Eq. (20)) equation

(a) (b)

Fig. 1. Boxplots of performance measures a) R2 (in %) and b) AICc (a.u.) with median (full
line), interquartile range between the first and third quartile (box) and extrema (whiskers) for
the Neo-Hookean model for best fit (nH-bf) and modelled (nH-M) parameter values and the Ex-
pCub procedure based on exponential (E-) and cubic (C-) expressions for approximated (modelled
(-M) and data-based (-DB)) and best fit (-bf) parameter sets.
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(a) Eeff = 4.0 kPa (b) Eeff = 7.5 kPa

(c) Eeff = 23.4 kPa (d) Eeff = 64.7 kPa

Fig. 2. Illustration of measured and estimated stress-stain curves εt(σt) with Neo-Hookean
model for a best fit (nH-bf) and modelled (nH-M) parameter value and the ExpCub procedure
based on exponential (E-) expressions for approximated (modelled (-M) and data-based (-DB))
and best fit (-bf) parameter sets: a) Eeff = 4.0 kPa, b) Eeff = 7.5 kPa, c) Eeff = 23.4 kPa, d)
Eeff = 64.7 kPa.

are plotted in Fig. 1. An overview of boxplots performance statistics R2 is pro-

vided in Table 1 in which medians, interquartile minima and lowest extrema are

quantified. The performance of the one-parameter ExpCub procedure is assessed

for parameter sets obtained from Eeff : i.e. analytically modelled sets E-M and C-

M (Eq. (21)) and data-based approximated sets E-DB and C-DB (Eq. (22)). For

the non-Hookean model, shear modulus µ can also be modelled (nH-M, Eq. (5)) as

a function of Eeff using the assumption of isotropy (ν = 0.5). Model performance

statistics obtained with best fit parameters (nH-bf, E-bf and C-bf) are shown as well.

Examples of modelled and measured stress-strain curves are illustrated in Fig. 2.

The exponential (E-bf) and cubic (C-bf) best fit curves require two parameters to

be estimated, while the neo-Hookean (nH-bf) best fit curves require one parameter

to be estimated. Consequently, two-parameter best fits E-bf and C-bf (R2 > 99%)



July 18, 2025 14:17 ws-ijam˙black

Non-linear stress-strain model comparison xi

Fig. 3. Estimated shear modulus µ as a function of effective Young’s modulus Eeff measured on
stress-strain curves of SCs: with isotropy assumption as Eeff/3 (full line) from data and modelled
curves C-M, E-M and nH-M; neo-Hookean best fit (nH-bf) parameter estimates; Eeff/2.9 (dashed
line) from a linear fit to best fit parameters.

outperform one-parameter best fit nH-bf (R2 > 85%, lowest interquartile value 92%,

median 95%). Using the modelled instead of the best fit shear modulus µ (nH-M),

reduces the neo-Hookean model performance (R2 > 47%) for which the interquartile

R2-range extents down to 75% and the median yields 89%. This is comparable to

the performance obtained for the one-parameter ExpCub procedure with modelled

parameters (R2 > 62% for E-M and R2 > 66% for C-M) as the lowest interquartile

minima (76% for E-M and 80% for C-M) and medians (87% for E-M and 86%) have

similar values. The performance associated with the one-parameter ExpCub pro-

cedure for data based parameters (R2 > 85% E-DB and R2 > 86% C-DB) on

the other hand is comparable to the performance obtained for neo-Hookean best

fits (nH-bf) based on the lowest interquartile extrema (93% for E-DB and 92% for

C-DB) and medians (98% for E-DB and 97% for C-DB). Consequently, from R2

follows that the performance of the one-parameter ExpCub procedure is compara-

ble to the performance associated with the one-parameter neo-Hookean model.

This main finding based on R2 is confirmed considering AICc statistics plotted in

Fig. 1(b). Indeed, two-parameter best fits (E-bf and C-bf) yield the lowest values

(AICc ≤ 500), intermediate values (AICc ≤ 700) are observed for the neo-Hookean

best fit model (nH-bf) and one-parameter ExpCub procedure for data based pa-

rameters (E-DB and C-DB) and larger values (AICc ≤ 1300) are associated with

one-parameter approaches relying on modelled parameters (nH-M, E-M and C-M).

As ExpCub procedure performances obtained using either the cubic or exponential

relationship result in comparable performance statistics, in the remaining sections

model performance comparison is arbitrarily limited to the exponential relationship

(Eq. (19)) and explicit comparison with the cubic relationship is omitted (Eq. (20)).

Under the assumption of isotropy (ν = 0.5), shear modulus µ is approximated

(Eq. (5)) as one third of measured Eeff (full line in Fig. 3). As this assumption
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Table 2. Overview of median, interquartile minimum and lowest extremum of perfor-
mance statistics R2

a (in %, rounded to one decimal place) associated with boxplots in
Fig. 5 for one-parameter approaches (E-M and E-DB) and best fits outcomes (E-bf, Y-bf,
G-bf, O-bf and MR-bf). For convenience, model parameters are indicated.

M = 1 M = 2

E-M E-DB E-bf Y-bf G-bf O-bf MR-bf

parameter(s) Eeff Eeff (A,B) (C1, C2) (µ, Jm) (µ1, α1) (C1, C2)

median 85.6 98.2 99.9 99.6 99.0 99.7 99.6
interquartile 75.3 93.6 99.9 99.5 97.9 99.6 99.2
extremum 62.5 85.3 99.8 99.4 96.3 99.5 98.8

is inherent to the modelled parameter sets, Eeff/3 characterises models C-M, E-M

and nH-M. The best fit curves with the neo-Hookean model (nH-bf) provide a best

fit estimate of the shear modulus for assessed SCs (dots in Fig. 3). A linear fit (fit

accuracy R2 = 89%) to these best fit estimates yields an overall shear modulus

estimate µ̂ = Eeff/2.9. The corresponding Poisson ratio estimate yields ν̂ = 0.45,

which is within 4% compared to Poisson ratio ν = 0.5. This shows that the isotropy

assumption for elastomer SCs in the assessed conditions (see Appendix A) is rea-

sonable. It is further worthwhile to mention that the estimated value ν̂ = 0.45 of

the Poisson ratio for assessed elastomer SCs is within range reported in literature

for elastomers (0.35 ≤ ν ≤ 0.5) and silicones (0.44 ≤ ν ≤ 0.9) [Department, 2003;

Murphy et al., 2016; Boretos and Boretos, 2016].

4.2. Comparison with two-parameter models, M = 2

The performance of the one-parameter ExpCub procedure (M = 1) based on ex-

ponential expressions with approximated parameter sets (modelled E-M and data-

based E-DB) is compared against best fit outcomes (-bf) with two-parameter models

(M = 2) described in Section 2. Thus, besides best fits for the two-parameter ex-

ponential relationship (E-bf, Eq. (19)), also best fits for the Yeoh (Y-bf, Eq. (10)),

Gent (G-bf, Eq. (11)), first order Odgen (O-bf, Eq. (13)) and Mooney-Rivlin (MR-bf,

Eq. (17)) are considered. Examples of modelled and measured stress-strain curves

are illustrated in Fig. 4. As these models depend on a different number of parame-

ters, i.e., M = 1 for the ExpCub procedure (E-M and E-DB) and M = 2 for best fit

estimations with two-parameter models (E-bf, Y-bf, G-bf, O-bf and MR-bf), model

accuracies are compared using the adjusted coefficient of determination R2
a defined

in Eq. (B.3).

Boxplots of model accuracy R2
a and Akaike information criterion AICc for the

two-parameter models with best fit parameter estimations (E-bf, Y-bf, G-bf, O-bf

and MR-bf) are shown in Fig. 5. Boxplots for the one-parameter ExpCub procedure
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(a) Eeff = 4.0 kPa (b) Eeff = 7.5 kPa

(c) Eeff = 23.4 kPa (d) Eeff = 64.7 kPa

Fig. 4. Illustration of measured and estimated stress-stain curves εt(σt) with the one-parameter
ExpCub procedure based on exponential (E-) expressions with approximated parameter set (data-
based (E-DB)) and bests fit (-bf) for two-parameter models (E-bf, Y-bf, G-bf, O-bf and MR-bf):
a) Eeff = 4.0 kPa, b) Eeff = 7.5 kPa, c) Eeff = 23.4 kPa, d) Eeff = 64.7 kPa.

with approximated parameter sets (modelled E-M and data-based E-DB) are plot-

ted for comparison. An overview of boxplots performance statistics R2
a is given in

Table 2. For all best fit two-parameter models (·-bf including E-bf) R2
a ≥ 96% holds

as seen on the frame in Fig. 5. Thus, all two-parameter best fit models (·-bf) are more

accurate than the one-parameter ExpCub procedure, which agrees with the findings

observed for E-bf in the previous Section 4.1. Nevertheless, as previously observed

for E-bf in Table 2, the median value for the one-parameter ExpCub procedure

(R2
a = 98.2%) with data-based parameter approximations (E-DB) approximates

the order of magnitude of median values (R2
a ≥ 99%) quantified for two-parameter

best fit models (·-bf). Findings based on R2
a are confirmed considering AICc statis-

tics plotted in Fig. 5(b). Furthermore, it is noted that two-parameter best fits with

the exponential relationship (E-bf, Eq. (19)) and the Yeoh model (Y-bf, Eq. (10))

result overall in the lowest AICc, although that other two-parameter best fit mod-
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(a) (b)

Fig. 5. Boxplots of performance measures a) R2 (in %) and b) AICc (a.u.) with median (full
line), interquartile range between the first and third quartile (box) and extrema (whiskers) for
the one-parameter ExpCub procedure based on exponential (E-) expressions with approximated
parameter sets (modelled (E-M) and data-based (E-DB)) and bests fit (-bf) for two-parameter
models (E-bf, Y-bf, G-bf, O-bf and MR-bf). A zoom on best fit model performances is framed.

els such as the first order Odgen (O-bf, Eq. (13)) and the Mooney-Rivlin models

(MR-bf, Eq. (17)) result in comparable median values.

4.3. Comparison with multi-parameter models, M ≥ 3

In order to assess more generally the performance of reference models on the stress-

strain datasets, multi-parameter (M ≥ 3) models (see Section 2.2) with best fit

parameters are assessed as well. The model performance is again quantified con-

sidering the adjusted coefficient of determination R2
a and the Akaike information

criterion AICc in order to account for the different number of model parameters

(3 ≤ M ≤ 15). Boxplots of performance measures R2
a, a zoom in the range R2

a ≥ 99.4

and AICc are shown in Fig. 6(a). For conciseness, the suffix indicating best fit pa-

rameters (·-bf) is omitted in the x-axis labels, instead the number of parameters M

is explicitly stated after the colon (· : M). As a reference, corresponding boxplots

for the two-parameter exponential model with best fit parameters (E-bf indicated

as E:2 in Fig. 6) are shown as well. Except for the three-parameter Criscone model

(C:3) whose performance in terms of R2
a (median R2

a = 97.5%) is similar to the one-

parameter ExpCub procedure (median R2
a = 98.2% for E-DB in Table 2), all other

multi-parameter models are characterised by performance statistics R2
a ≥ 99.4% as

illustrated in Fig. 6(b). It is observed that increasing the number of parameters,

and thus the complexity of the model, does not improve (e.g., for C:3, PS:3 and

gMR:3) or at least not significantly improve (e.g., for Y:4, Y:5, O6, O:8) the perfor-

mance statistics obtained with the best fit two-parameter exponential model (E:2)

for which R2
a ≥ 99.9% holds. Findings based on R2

a are confirmed considering AICc

statistics plotted in Fig. 6(c). Examples of modelled and measured stress-strain

curves are illustrated in Fig. 7 for two-parameter best fit exponential relationship
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(a) (b)

(c)

Fig. 6. Boxplots of performance measures R2
a (in %) and AICc (a.u.) with median (full line), in-

terquartile range between the first and third quartile (box) and extrema (whiskers) for M-parameter
models (· :M) with M ≥ 3 and best fit two-parameter (M = 2) exponential model (E:2 or E-bf):
a) R2

a, b) zoom in the range R2
a ≥ 99.4%, c) AICc.

(E-bf or E:2) and for three-parameter best fits models (PS:3, C:3, Y:3 and gMR:3).

5. Discussion and conclusion

Assessed model performance statistics show that the predictive one-parameter Ex-

pCub procedure with data-based parameter approximations (E-DB or C-DB), as a

function of effective low-strain Young’s modulus Eeff , allows to approximate mea-

sured stress-strain curves on SCs for maximum strains between 0.9 and 1.5 with

at least the same accuracy (R2 ≥ 85%) as the best fit one-parameter neo-Hookean

model. Thus, the ExpCub procedure applied to SCs provides an a-priori one-para-

meter model of measured non-linear stress-strain curves as the ExpCub procedure

reflects the excellent best fit accuracy (R2 ≥ 99%, R2
a ≥ 99.4%) of the underlying ex-

ponential and cubic two-parameter relationships compared to reference stress-strain

models with up to 15 parameters. In general, it is seen that both from the point of

accuracy (R2
a) as from the point of information criterion (AICc) two-parameter best

fit models provide the best balance between goodness of fit and model complexity.

Overall, it is concluded that, compared to reference best fit stress-strain models, the
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(a) Eeff = 4.0 kPa (b) Eeff = 7.5 kPa

(c) Eeff = 23.4 kPa (d) Eeff = 64.7 kPa

Fig. 7. Illustration of measured and estimated stress-stain curves εt(σt) with the best fit expo-
nential relationship with best fit two-parameters (E-bf or E:2) and best fits for three-parameter
models (PS:3, C:3, Y:3 and gMR:3): a) Eeff = 4.0 kPa, b) Eeff = 7.5 kPa, c) Eeff = 23.4 kPa,
d) Eeff = 64.7 kPa.

predictive one-parameter ExpCub procedure provides an accurate approximation of

stress-strain behaviour of multi-layer elastomer SCs with the advantage that it re-

lies on a single parameter; i.e. the effective low-strain Young’s modulus Eeff , which
is a physical quantity to be either measured from low-strain tension testing or to

be estimated analytically when stacking properties are known. Consequently, the

analytical ExpCub procedure is accurate as well as efficient for parametric studies of

the influence of the stacking structure of elastomer-based SCs under assessed exper-

imental conditions; i.e., strain range up to 1.5, room temperature, elastomer silicone

mixtures. This predictive model approach allows for the design and selection of SCs

prior to their realisation which contributes to physical studies of fluid-structure in-

teraction as mentioned in the introduction. It is noted that once selected SCs are

realised and subjected to stress-strain testing, multi-parameter models can be fit-

ted to the stress-strain data when stress-strain characterisation is aimed for. It is
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noted that the current approach for SCs design is limited to linear and non-linear

uni-axial stress-strain behaviour, so that other deformations are not accounted for.

Although that the approach is extensively evaluated for elastomer-based SCs, other

materials could be assessed to consider the approach in a more general context.

In this context, it would be of interest to evaluate the generality of the proposed

ExpCub procedure on other databases measured by different research groups.
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Appendix

A. Stress-strain SCs data in brief

Stress-strain data curves are measured using uni-axial tension testing at room tem-

perature (21± 2 ◦C, mean and standard deviation) on 22 bone-shaped multi-layer

SCs specimens [Ahmad et al., 2023; Van Hirtum et al., 2023]. All specimens have a

rectangular test section (80 × 19 × 15 mm3), which contains up to five layers with

different geometry, composition and stacking orientation (perpendicular, parallel,

arbitrary) with respect to the longitudinal direction corresponding to the force di-

rection during tension testing. Layers are molded from elastomer silicone mixtures

(either Thinner-Ecoflex (TE) or Thinner-Dragonskin (TD)) with different mass mix-

ing ratios. The linear low-strain region corresponds to εl ≈ 0.3 or an elongation with

35% in the force direction. All specimens are characterised by an effective low-strain

Young’s modulus Eeff (Eq. 2) in the range 2-65 kPa and overall value 21± 17 kPa

(mean and standard deviation). Stress-strain curves are measured for a maximum

strain in the range 0.9-1.5 and overall value 1.2 ± 0.2 (mean and standard devia-

tion), which corresponds to an elongation from 150% up to 350%. An overview of

the effective low-strain Young’s modulus Eeff as a function of the maximum strain

(max(εt)) for all assessed SCs is illustrated in Fig. 8(a). All stress-strain data curves

contain at least 90 data points so that 90 ≤ N ≤ 150 holds for all stress-strain data

curves. Measured stress-strain curves σt(εt) plotted in Fig. 8(b) with different Eeff
are used to illustrate the outcome of stress-strain models in Fig. 2, Fig. 4 and Fig. 7.

B. Accuracy measures and information criteria

B.1. Accuracy measures R2 and R2
a

The accuracy of modelled values ŷ with respect to reference data values y is quan-

tified using one of the following accuracy measures: i.e. coefficient of determination
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(a) Eeff (max(εt)) (b) examples of σt(εt)

Fig. 8. a) Overview of Eeff (max(εt)) for all assessed SCs, b) Measured stress-strain data σt(εt)
on SCs with Eeff ≤ 65 kPa used to illustrate model outcomes.

R2 and adjusted coefficient of determination R2
a. Note that when measured stress-

strain data curves are estimated y = σt and ŷ = σ̂t apply.

The coefficient of determination R2, defined as

R2 = 1−
γ2
ŷ

γ2
y

, (B.1)

is derived from the ratio between the variance of the model residuals γ2
ŷ and the

variance of data γ2
y with

γ2
ŷ =

1

N

N∑
i=1

[
(ŷ)i − ŷ

]2
and γ2

y =
1

N

N∑
i=1

[
(y)i − y

]2
. (B.2)

If γ2
ŷ ≪ γ2

y the measured variance is explained by the model so that R2 tends to-

wards unity. On the contrary, if γ2
ŷ ≈ γ2

y then R2 tends towards zero.

The adjusted coefficient of determination R2
a is then defined as a weighted mea-

sure of R2 since

R2
a = 1− (1−R2)αa with αa =

N − 1

N −M − 1
. (B.3)

The weight factor, αa ≥ 1, penalises models with many parameters in order to avoid

overfitting. Indeed, the factor αa accounts for the model complexity by consider-

ing both the number of parameters M and the number of data points N so that

R2
a ≤ R2 where the equality holds for αa = 1, i.e., when N ≫ M as αa becomes

more important for small N and large M .
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(a) constant R2: 62% or 90% (b) constant N = 90

Fig. 9. Illustration of R2−R2
a (in %) for models with one (M = 1, dashed), two (M = 2, full) and

three (M = 3, dash-dot) parameters as a function of: a) data points N , b) R2 (in %) for N = 90.
Values associated with R2 of interest for the one-parameter ExpCub procedure R2 ≥ 62% (E-M
and E-DB) and for the two-parameter exponential relationship R2 ≥ 90% (E-bf) are indicated as
a reference.

The difference R2 − R2
a ≥ 0 for models with different number of parameters

M (M = 1, M = 2 and M = 3) is illustrated in Fig. 9 as a function of data

points N and constant R2 in Fig. 9(a) and as a function of R2 and constant N in

Fig. 9(b). As a reference, constant values are chosen within the range of interest

of assessed stress-strain datasets for which N ≥ 90 (Appendix A) and for the one-

parameter ExpCub procedure (R2 ≥ 62% for E-M and E-DB in Section 4.1) and for

the two-parameter exponential relationship (R2 > 90% for E-bf in Section 4.1). It is

observed that the influence of N on R2−R2
a is limited to 0.1% for R2 ≥ 90%. Thus,

quantifying R2
a allows to compare the accuracy of models with a different number

of parameters M while the influence of the number of data points N is negligible.

B.2. Information criteria AICc and BIC

The Akaike Information Criterion (AIC) is a statistical criterion for model order

identification in quantifying the information loss [Akaike, 1974]. In the case of model

fitting with least square regression, the AIC is obtained as

AIC = 2M −N ln γ2
ŷ (B.4)

where the first model performance term is modified by the second term accounting

for the number of parameters M . When comparing different models, the model with

the lowest AIC value is the one that explains the greatest amount of variation using

the fewest independent variables. For small N the AIC is corrected (AICc) by an

additional term as [Hurvich and Tsai, 1989]

AICc = AIC +
2M(M + 1)

N −M − 1
. (B.5)

For large N , the additional term is negligible so that AICc converges to AIC.
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A criterion closely related to AICc is the Bayesian information criterion (BIC)

obtained as [Schwarz, 1978]

BIC = M lnN −N ln γ2
ŷ . (B.6)

Model statistics obtained from AICc and BIC lead to the same findings so that

only the AICc is shown in Section 4. For completeness, corresponding figures with

BIC statistics are shown in Fig. 10.

(a) similar to Fig. 1(b) (b) similar to Fig. 5(b)

(c) similar to Fig. 6(c)

Fig. 10. Boxplots of BIC (a.u.) performance statistics with median (full line), interquartile range
between the first and third quartile (box) and extrema (whiskers) for: a) one-parameter models
and two-parameter models underlying the ExpCub procedure, b) two-parameter models, c) multi-
parameter models (· :M) with M ≥ 3. Boxplots for best fit two-parameter exponential model (E:2
or E-bf) are shown as a reference in each plot.
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