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Overview of the lecture

@ Derivation of the two-phase equations and the closure issue
—— From the average definition to the closed set of equations

The first part of this lecture is essentially based on Jackson's
book (2000).

@ Application to bed-load transport in laminar shearing flows

— From analytical calculation to 3D numerical model
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@ Introduction
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What are particulate two-phase flows?

Definition:

Two-phase flows are flows that involves two phases (liquid, solid, gaz).
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What are particulate two-phase flows?

Definition:
Two-phase flows are flows that involves two phases (liquid, solid, gaz).

Classifications:

On the nature of the phases:

— Liquid-Liquid, Gaz-Liquid, Gaz-Solid S — P O
and Solid-Liquid. w >
i | NG

On the nature of the spatial distribution
of the interfaces: ey ;o(".oof?'.booox RO
— Dispersed, Separated or Transient. 3 &8s 0a0%] 2 .

0.,
)
o 0%

Liquid Gas Bubbles Liquid Droplets or Solid Particles

Fig.: Different regimes of two-phase flows,
a) transient two-phase flow, b) separated
two-phase flow, c) dispersed two-phase
flow (From Sommerfeld 2000).
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What are particulate two-phase flows?

Definition:
Two-phase flows are flows that involves two phases (liquid, solid, gaz).

Classifications:

On the nature of the phases: 5 ¢
— Liquid-Liquid, Gaz-Liquid, Gaz-Solid i Gl i
and Solid-Liquid. w >0

On the nature of the spatial distribution
of the interfaces:
— Dispersed, Separated or Transient.

This lecture is dedicated to dispersed Fig.: Different regimes of two-phase flows,
Solid-Liquid flows a) transient two-phase flow, b) separated
two-phase flow, c) dispersed two-phase

— Particulate Two-phase Flows flow (From Sommerfeld 2000).
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Some industrial examples

i IR

Cyclones

sl

Slurry pipes

Fluidized Beds

Hoppers and bunkers
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Some geophysical examples

Continental Landslides Coastal Landslides (Canada)
(EI Salvador)

P
Approx § km (3.3 miles)

Snow Avalanches (Scotland) Submarine Avalanches (Santa Barbara)
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Modelling approaches?

Idea 1: Eulerian - Lagrangian approach

i — Fluid flow around each particle solved explicitely
= = Resultant force and torque exerted on each particle

— Limited to small number of particles
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Modelling approaches?

Idea 1: Eulerian - Lagrangian approach

i — Fluid flow around each particle solved explicitely
= = Resultant force and torque exerted on each particle

— Limited to small number of particles

Idea 2: Eulerian - Lagrangian approach

— Fluid velocity spatially averaged Viyerage >> Vparticle
= Ffluid—particle = f(¢,u;.) empirical correlations

— Particle-particle interactions explicitely solved

"Discrete Particle Modelling” (>1990's)
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Modelling approaches?

Idea 1: Eulerian - Lagrangian approach

S— i — Fluid flow around each particle solved explicitely
= = Resultant force and torque exerted on each particle

— Limited to small number of particles

Idea 2: Eulerian - Lagrangian approach

— Fluid velocity spatially averaged Viyerage >> Vparticle
= Ffluid—particle = f(¢,u;.) empirical correlations

— Particle-particle interactions explicitely solved

"Discrete Particle Modelling” (>1990's)

Idea 3: Eulerian - Eulerian approach
— Fluid and particles velocities spatially averaged Vaverage >> Vparticie

= Ffiuid—particte = f(¢,u,.) empirical correlations

— No limitation on the number of particles

5 ” —flui "
il Two-fluid model
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2 arguments for an Eulerian approach

@ Their are approximately 1 million particles of 1 mm diameter in a cube of
volume 10 ¢m? filled at 60%!

Vi = L3 =107% m?
dy =10"%m
™

vp = g dy 2510710 m?

With L=10"1m we get

Vi
¢ =0.6 N, = Ve ~ 10° particles
Up
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2 arguments for an Eulerian approach

@ Their are approximately 1 million particles of 1 mm diameter in a cube of
volume 10 ¢m? filled at 60%!

V,=L%=10"3m3

dp =10"%m
T 3 —-10 3
= —d =5.1
With { L=10"1m  weget { ¢~ gl =510 —m
Vi
¢ =0.6 N, = Ve ~ 10° particles
Up

@ The solution of the Lagrangian model would provide more detailed
information than it is usually needed. Indeed, a knowledge of the average
values of the velocity of the fluid, the velocities and angular velocities of
the particles, and the fluid pressure, over some appropriately small region
in the neighbourhood of each point [...], is usually all that is required.

Jackson (1997)
= Eulerian - Eulerian approach (Idea 3)
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Objectives

Understanding the two-phase flow equations
from derivation to closure

@ How does one obtain the two-phase equations?

= Averaging procedure

@ How does one close the system of partial differential equations obtained
by the averaging procedure depending on the dilute or dense flow regime?

= Closure issue

— Application: Bed-load transport by laminar shearing flows
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@ Introduction

e Fundamental equations and averaging procedure

© The closure issue
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e Fundamental equations and averaging procedure
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Fundamental equations and averaging procedure
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Eulerian two-phase approach

Local and instantaneous conservation equations

¢

Averaging process
4
Averaged conservation equations for each phase

I

Closures

I

‘ Closed set of equations‘
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Fundamental equations and averaging procedure
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Eulerian two-phase approach

Fluid + particles

Q

Idea: Describe the motion of the fluid and the particles by a continuous
approach at the scale of dQ (i.e.:Dparticte << Ldq)
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Fundamental equations and averaging procedure
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Various averaging approach

o Ensemble average

— Averaged at each point of space over an ensemble of "macroscopically”
equivalent systems

Drew and Lahey (1993), Zhang and Prosperetti (1997), ...

o Local spatial average

— Averaged over small region compared to macroscopic length scale of
interest

Jackson (1997 and 2000), ...
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Various averaging approach

o Ensemble average

— Averaged at each point of space over an ensemble of "macroscopically”
equivalent systems

Drew and Lahey (1993), Zhang and Prosperetti (1997), ...

o Local spatial average

— Averaged over small region compared to macroscopic length scale of
interest

Jackson (1997 and 2000), ...

— The two averaging procedures are equivalent and led to the same equations

= We describe here the local spatial average
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Definition of the local space average (Jackson, 1997 and 2000)

" Weighting function g1

Weighting function g(r)

1 3L3 for r <L T ]
g(r) = & Sis ]

0 for r>1L s i

oo
Verifying 47r/ g(ryridr =1
0
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Fundamental equations and averaging procedure
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Definition of the local space average (Jackson, 1997 and 2000)

" Weighting function g1

Weighting function g(r)

1 3L3 for r <L T ]
g(r) = & Sis ]

0 for r>1L s i

oo
Verifying 47r/ g(ryridr =1
0

Overall average value of f at position Z and time ¢: (f)
74 = [ 170 o7 - T,

L must be chosen such that: Lingero >> L >> D)

= Separation of scales: Lyacro >> Dp
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Definition of the fluid phase average

Void fraction ¢

— fraction of space occupied by fluid in the neighbourhood of @’

(@)= [ o(F - Fhav, =
V()

where V(t) indicate the part of the system
occupied by fluid at time ¢.
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Definition of the fluid phase average

Void fraction ¢

— fraction of space occupied by fluid in the neighbourhood of @’

(@)= [ o(F - Fhav, =
V()

where V(t) indicate the part of the system
occupied by fluid at time ¢.

Fluid phase average of f at position = and time ¢: (f)’

dawmﬂ?n:/ FT DT - TNV,
V()
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Fundamental equations and averaging procedure
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Definition of the solid phase average

Solids volume fraction ¢

— fraction of space occupied by particles in the neighbourhood of 7’

6T = [ o7 Ty, = =

where v, is the interior of particle p.
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Fundamental equations and averaging procedure
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Definition of the solid phase average

Solids volume fraction ¢

— fraction of space occupied by particles in the neighbourhood of 7’

where v, is the interior of particle p.

Solid phase average of f at position = and time ¢: (f)°

o () =3 / 1T 09(F — T )do,
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Fundamental equations and averaging procedure
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Definition of the particle phase average

Number density n

—Number of particles / unit volume in the neighbourhood of =
n(T)=> 9(T -z
p

where T, is the position of the centre of particle p.
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Fundamental equations and averaging procedure
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Definition of the particle phase average

Number density n

—Number of particles / unit volume in the neighbourhood of =
n(T)=> 9(T -z
p

where T, is the position of the centre of particle p.

Particle phase average of f at position 7 and time ¢: (f)?

(T4 (N (T 0= 9T — )

Link with the solid phase average ‘ (7 ,t) vp = $(T,t) ‘
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Fundamental equations and averaging procedure
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Theorems
Using Leibniz rule we can demonstrate that (differentiation under the integral sign)

Theorem 1 (Thl):
f f
Theorem 2 (T'h2):

f € f
(o) =0 +3 [ I T)oT = T sy

— The same relationship exists for the solid phase average

Theorem 3 (Th3):

af\* o P 0 SN
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Fundamental equations and averaging procedure
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Local and instantaneous conservation equations

@ General continuity equation

V=0
o General momentum equation
o | = - = (= —
p EJrV.(u @U)| =V.(G)+pyg

Applying the spatial averaging for the fluid and the solid phases separetly

to these conservation equations we obtain the two-phase equations
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Particulate two-phase flow modelling



Fundamental equations and averaging procedure
000000000800 00000

Average equation of fluid mass conservation

ou
@ Continuity equation for the mixture: Tk =0
T
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Fundamental equations and averaging procedure
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Average equation of fluid mass conservation

ou
@ Continuity equation for the mixture: Tk =0
T

19} ! 19}
@ Applying the fluid phase average — ¢ <ﬂ> = / ﬂ(?,t)gﬂ? -7 dv,
BZL’k Vf(t) Bmk
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Fundamental equations and averaging procedure
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Average equation of fluid mass conservation

ou
@ Continuity equation for the mixture: Tk =0
T

19} ! 19}
@ Applying the fluid phase average — ¢ <ﬂ> = / ﬂ( v.)g(|7 — T )dVvy
BZL’k Vf(t) Bmk

© Using previous theorems

Aur \ T Oe{uy)
Thi: f—up — <ﬁ> % Z/ wn (T (DT = T )ds,
Th2: f=1 — 0786 k) +Z/ k(T u(F)g(IT — T l)dsy
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Fundamental equations and averaging procedure
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Average equation of fluid mass conservation

- . . ou
@ Continuity equation for the mixture: Tk =0
Tk

19} ! 19}
@ Applying the fluid phase average — ¢ <ﬂ> = / ﬂ( v.)g(|7 — T )dVvy
BZL’k Vf(t) Bmk

© Using previous theorems

Aur \ T Oe{uy)
Thi: f—up — <ﬁ> % Z/ wn (T (DT = T )ds,
Th2: f=1 — 0786 k) +Z/ k(T u(F)g(IT — T l)dsy

@ Substituting the term Zp fsp ...ds, from the second equation in the first one we obtain the
mass conservation equation for the fluid phase

de e (up)’
— — =0
ot + Oz

Julien Chauchat PUF Workshop

Particulate two-phase flow mod
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Average equation of fluid momentum

ot Dur | oz, T PY

OSu; . 9o
@ Point momentum equation for the fluid: Py [ Wi uluk:| _ Y9k

Julien Chauchat PUF Workshop
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Fundamental equations and averaging procedure
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Average equation of fluid momentum

OSu; . 9o
@ Point momentum equation for the fluid: Py [ Wi uluk:| _ Y9k

ot 8z, | Oz

+prgi

@ Applying the fluid phase average

Bui ! Buluk ! 80'7‘,}9 ! f
pi [E<at> +E< D > _<axk> e lproi)
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Fundamental equations and averaging procedure
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Average equation of fluid momentum

+prgi

OSu; . 9o
@ Point momentum equation for the fluid: Py [ Wi uluk:| _ Y9k

ot 8z, | Oz

@ Applying the fluid phase average
Bui ! Buluk ! 80'7‘,}9 ! f
P [6< ot > +E< oxy, > _<3rk> Felorgn

ug \ T oe(u)f _ _ = =
§> :T*Xp:/spUq‘,('y)“k(y)”k(’y)g(lf*y\)dby

Qujuy >f _ Oe (uiuk>f
o), B

© Using previous theorems

Th2: f=u; — 5<

Thi: f=uju, — e< 72/ wi (F)ug (Tng (T)g(IT — Fdsy
p ’Sp

dxy,

9%k >f _ oe (oin)f

Thl: f=o0;, — € -
oy,

Y [ e @nk(3)9(T — Thdsy
oz, p ’sp

Julien Chauchat PUF Workshop

late two-phase flow model



Fundamental equations and averaging procedure
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Average equation of fluid momentum

+prgi

OSu; . 9o
@ Point momentum equation for the fluid: Py [ Wi uluk:| _ Y9k

ot 8z, | Oz

@ Applying the fluid phase average
Bui ! Buluk ! 80'7‘,}9 ! f
P [6< ot > +E< oxy, > _<3rk> Felorgn

ug \ T oe(u)f _ _ = =
§> :T*Xp:/spUq‘,('y)“k(y)”k(’y)g(lf*y\)dby

Qujuy >f _ Oe (uiuk>f
o), B

© Using previous theorems

Th2: f=u; — 5<

Thi: f=uju, — e< 72/ wi (F)ug (Tng (T)g(IT — Fdsy
p ’Sp

dxy,

9%k >f _ oe (oin)f

Thl: f=o0;, — € -
oy,

Y [ e @nk(3)9(T — Thdsy
oz, p ’sp

@ Fluid phase momentum equation

e (us)! e (usug)’ de (o) N
g = - ik : - ds,  Gi
Py { 5t T oen B2y E,, /., oi(Y)ne(V)g(I7 — ¥ )dsy +epsg

Julien Chauchat PUF Workshop
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Fundamental equations and averaging procedure
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Averaged equations for the fluid and solid phase

Fluid phase equations

e Be (u)’

M — 4+ ——"=0
ass ot Oz
Momentum
Oe <ui>f Oe (uiuk>f Oe <0’ik>f / NN
. = — ikMk - d %
Py ot o . Ep /. ouxneg(|T — Y |)dsy + eprg

Julien Chauchat PUF Workshop
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Fundamental equations and averaging procedure
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Averaged equations for the fluid and solid phase

Fluid phase equations

e Be (u)’

M — 4+ ——"-=0

ass ot Oxk

Momentum
et | Bl ﬁ“f’*”_z/ ounkg(|T — Fl)dsy + cpsg:
P dxe | O — J,, T YV eprg:

Solid phase equations

0¢ | 0¢(uk)” _
Mass En + “onn 0

Momentum

) {d@ {u;) n 0 (uiuk) } _ 99 {owk) +2/ oinkg(|T — Y |)dsy + ¢psgi
» S

ot Oxg Oz

Julien Chauchat PUF Workshop
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Fundamental equations and averaging procedure
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Average equation of particle momentum

@ Momentum equation for particle p:

ou? g
pFUp—t = / o (PIne(V)dSy,  + D7 +pavpgi
ot s
a#p
——

traction exerted by the fluid  Goptact forces
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Fundamental equations and averaging procedure
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Average equation of particle momentum

@ Momentum equation for particle p:

ou? g
pFUp—t = / o (PIne(V)dSy,  + D7 +pavpgi
ot s
a#p
——

traction exerted by the fluid  Goptact forces

@ Applying the particle phase average gives

onu; \ P
Psvp< e > => 9(T -3 / oirnidSy + > 77| + pavpngs
P Sp a#p

© Using Theorem 3 with f = u; and the fact that v,n = ¢

Ou; p_@n(u,y) o N
"<at> Y +axk2;u‘u"g(|$ “ol)

Julien Chauchat PUF Workshop
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Fundamental equations and averaging procedure
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Average equation of particle momentum

@ Momentum equation for particle p:

ou? g
pFUp—t = / o (PIne(V)dSy,  + D7 +pavpgi
ot s
a#p
——

traction exerted by the fluid  Goptact forces

@ Applying the particle phase average gives

onu; \ P
Psvp< e > => 9(T -3 / oirnidSy + > 77| + pavpngs
P Sp a#p

© Using Theorem 3 with f = u; and the fact that v,n = ¢

Oui \ P  On(uy) o
(i) = e iy S ka7 D)

ot ot

@ Particle phase momentum equation

O (u; ¢ (u;up)? g o
Ps [ ¢ (ui) + — < &) } = E (I —z,)) / oiknedSy + E P + psogi
ot Oxy - Sp ot

Julien Chauchat PUF Workshop
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Fundamental equations and averaging procedure
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Fluid-particle interactions
Newton’s third law (action-reaction law)

S 017 - ) / oipnpdSy = / osxng(|T — Tdsy
P Sp p VSp

and using a Taylor expansion of the weighting function

) - = 62 _
LT — T et 9%9(IT — )

— —_ . — _ o d —
g(IT =) = g9(I7 — Zp]) dx; D) Oz 0z

we can demonstrate that

on{sf)"
S o @meMai® - Vs, =n(1f)" -

Ox;

Julien Chauchat PUF Workshop
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Fundamental equations and averaging procedure
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Fluid-particle interactions
Newton’s third law (action-reaction law)

S 017 - ) / oipnpdSy = / osxng(|T — Tdsy
P Sp p VSp

and using a Taylor expansion of the weighting function

- - 99(| T — 73) a® 8g(|T — 7))
9(IT - TN =9(T -7 —a o7 ny - — ey amkp njng +
we can demonstrate that
— — — = F\P 8n<sifj>p
Y [ o @@ = Thdsy =n () - 2+
p “Sp

Interpretation

o n <fif>p: Average of the integral of the fluid stress on the surface of each particle
= Forces exerted by the fluid on the particles

on < J >
4] 37”: Effect of the presence of the particles on the stresses
T

— Effective stress tensor SLfk =€ <0'7;\ +n <s > +.

Julien Chauchat PUF Workshop
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Simplified notations :

Two-phase equations @ ——wf
(@)s — @
Mass conservation equations n(FINV — a7
de = - 00 = —
—4+V. (e ) =0 i — 4+ V.(¢uP) =0
ot (6” > ot <¢” )

Momentum conservation equations

o o = .
pf ;z +€‘(euf®u/> :$.<Sf>fnf +epsg

<l

N
dpuP  — P
Ps |: 5 +V.(ou ® w )

=V. (ﬁ) + Qz + 9Pps
N——

Interacti G 1t
Stresses nteraction Fravity

{

Inertia

Julien Chauchat PUF Workshop
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Fundamental equations and averaging procedure
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Two-phase equations

Mass conservation equations

0 = -2
5§+V.(euf>:()

Momentum conservation equations

Simplified notations :
(wyf — wf
(w)® — T*°

W (THY — nT

.
Oeus — =2 —
Py L. (euf ®u/> =V. <Sf> — n? +epsg

ot

N
dpuP  — P
Ps |: 5 +V.(ou ® w )

N——

Inertia

Stresses

= (== — _
:V~(5”)+ nf  + épsg
~~ SN——

Interaction Gravity

We need to relate the fluid and solid phase stress tensors S7, SP and the

. . — . Y S
interaction term n f to the average variables ¢,0,u’ ,u’

Julien Chauchat

PUF Workshop
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Fundamental equations and averaging procedure
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Remarks on mixture average equations

We can substitute one of the fluid or solid conservation equation by a
mixture conservation equation.

Definitions
o Volume average velocity: () = ¢ (W) + ¢ (W)*

@ Global volume conservation = ¢ + ¢ = 1 e: V=V 4+V,

Julien Chauchat PUF Workshop
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Fundamental equations and averaging procedure
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Remarks on mixture average equations

We can substitute one of the fluid or solid conservation equation by a
mixture conservation equation.

Definitions
o Volume average velocity: () = ¢ (W) + ¢ (W)*

@ Global volume conservation = ¢ + ¢ = 1 e: V=V 4+V,

Summing the mass conservation equations for the two phases gives

=1 =(ug)

de+¢ = k—> 0 (uk)
€ ! Py _ Uk) _
En + V.(ew +¢puP)=0= D

Julien Chauchat

PUF Workshop
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Fundamental equations and averaging procedure
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Remarks on mixture average equations

We can substitute one of the fluid or solid conservation equation by a
mixture conservation equation.

Definitions
o Volume average velocity: () = ¢ (W) + ¢ (W)*

@ Global volume conservation = ¢ + ¢ = 1 e: V=V 4+V,

Summing the mass conservation equations for the two phases gives

=1 =(ug)
—~ = z—’L
e+ ¢ — 0 (ur)

—
+ V. (eu +ouP) =0 =

ot oz,

= The mixture is incompressible in terms of the volume average velocity

Julien Chauchat PUF Workshop
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Fundamental equations and averaging procedure
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Definitions
o Mixture density: p™ = eps + Pps

o Mass average velocity: p” (W)™ = eps (W) + ¢ps (W)*

Chauchat PUF Workshop
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Fundamental equations and averaging procedure
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Definitions
o Mixture density: p™ = eps + Pps
o Mass average velocity: p” (W)™ = eps (W) + ¢ps (W)*
Averaging the point conservation equation over the whole space
led to the following equations

Mass conservation of the mixture

Op™ | Op™ {ux)”
8t 8xk

=0

Momentum equation for the mixture

m [0 w)™ O {u)™ (ue)™] _ OSH
p |: ot + oz - Oxk

m

+p g

Stress tensor: Sip = S/ + S5, — Eqii)ifnpf ((uﬂf - <u1>s) ((Uk>f - <Uk>s)

Julien Chauchat PUF Workshop
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The closure issue

© The closure issue
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The closure issue
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Position of the problem

From the derivation of the conservation equations we get:

@ 29 unknowns
— 2 volume fractions €,¢

— 2x3 velocity components ul s

LU
1771

— 2x9 stress tensor components Ssz,ka
— 3 interaction term components n f;

@ 8 equations

— 2 mass conservation equations
— 2x3 momentum equations

= We need 21 additional equations!!!

Julien Chauchat PUF Workshop
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The closure issue
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Hypothesis

@ We neglect the Reynolds like contribution Re < 1

= (uiur)’ = (ui)’ (ug)’

@ The fluid is Newtonian

<8ui 8uk>
= Ok = —p+n

© The particles are spherical, rigid and monodisperse

3 P .
The closure consists in expressing <Jik>‘f, S;fk, S, and n <f,f> in terms of
local average variables and their derivatives.
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Closure for the fluid stress tensors

O Newtonian fluid: o3 = —pdix + 1 (8ui + auk)

@ Averaging over the fluid phase: € (oix)" = —e (p)! + ne <—

. oui . Oup\’ 0 {ug) | O (ug)
Wlth €<8$k + al‘z> - 8Ik + (91‘1

—_— dV, = - dV,
/ (awﬁazi)g(” (et 5 ) 017~ Fhav,

f (8(ui) 8(uk>>

© Fluid average stress tensor: € (o;x)' = —e (p)! +1 +

Oz ox;

expressed in terms of the volume average velocity (u’)
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The closure issue
Closure for the effective fluid stress tensors

We simply introduce an effective viscosity nc¢¢ in the previous definition that
takes into account the effect of the presence of particles on the shear resistance
of the fluid

0 {u; 0 {u
ka = —e(p)! Gir + Mess (8<Tk> + (;T:J)

Dilute flows: | 7. =7 (1 + ggb) Einstein (1906)

Valid for ¢ < 0.3%

— We have 9 new equations, we need 12 additional equations
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Closure for the effective fluid stress tensors

5
O *iqﬁmaz
Dense flows: [nefr =n(1— — Krieger-Dougherty (1977)
¢77mx
\ Effective viscosity
10 T T T T
—— Einstein
Imagine the case of a fixed assembly 10
of particles close to maximum -
g 10t
&

packing ¢ & @maa then nesy — oco.

= The fluid cannot be sheared !!!

Krieger-Dougherty's viscosity has been developed for the mixture as a whole
without differentiation between fluid and particles behaviour
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Closure for the effective solid stress tensors: Particle-particle interactions

o In very dilute suspension S° =~ 0

— No contact between particles.

@ When ¢ increases S # 0

— Collisions between particles occurs = Kinetic and collisional stresses
o When ¢ — ¢max

— Enduring contact between particles exists = Frictional stresses

See the lecture from O. Pouliquen this morning

Julien Chauchat PUF Workshop

Particulate two-phase flow modelling



The closure issue
00000@00000C

Closure for the effective solid stress tensors: Particle-particle interactions

o In very dilute suspension S° =~ 0

— No contact between particles.

@ When ¢ increases S #0
— Collisions between particles occurs = Kinetic and collisional stresses
o When ¢ — ¢max
— Enduring contact between particles exists = Frictional stresses
See the lecture from O. Pouliquen this morning
General stress-shear rate relation:

s s s 8 is 8 s
i = — (D) i + sy (g%k) + %)

where (p)° and 7], depends on the physics at work

— We have 9 new equations, we need 3 more equations
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Collisional regime

Granular material & Molecular gas

= Inelastic nature of collisions
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Collisional regime

Granular material & Molecular gas

= Inelastic nature of collisions

Kinetic theory of Granular flows
— Haff (1983), Jenkins and Savage (1983), Lun et al. (1984), ...

= (®° = ®°(6,T7) and nlsy = niss(d,T7)

where T° = (ujuj)? is the "particle temperature“or the "pseudothermal” energy

= An additional equation for T needs to be solved.

See Koch and coworkers, Buyevich and coworkers or Simonin and coworkers for
further details
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Frictional regime

Frictional rheology: 1(7)

o= = )" bty (el 1 Ol

— GDR Midi (2004), Jop et al. (2006), Forterre and Pouliquen (2008)
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Frictional regime

Frictional rheology: 1(7)

s R s O {ui)® O {ug)®
ik = — (D) 5ik+775ff< gx: +%>

— GDR Midi (2004), Jop et al. (2006), Forterre and Pouliquen (2008)

o7 s _ ) (p)”

N Where 1. = =
D_s‘ === 171
_‘q_ ) /’ JP — s
Lo i and (1) = po + 12—
- o
i 7!
- with I the inertial parameter.
. 1 2 3 4 5
I
Simplified frictional rheology (Coulomb):
From Jop et al. (2006) — 1= ps = constant
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Fluid-particle interactions n f

The closure i
00000000

Following Jackson (2000) we can write n? as

— — = —
nf = ¢V.SF +nfi
——
Buoyancy

Julien Chauchat

—

- Dyut -
or nf=-po| G~} |+nh
N— —

Specific gravity

N
N

with f = 1

€
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f—
Fluid-particle interactions n f

Following Jackson (2000) we can write n? as

—
— — — — D ! —
nf:d)?. f4nfi or nf——pfgb(?— fu>+nf2
—— Dt
Buoyancy N——

Specific gravity
f—)
—
. 1
with fo = —
€
Remark

"When a fluid flows through an assembly of particle there is a contribution to its
local average pressure gradient from the relative motion. But this contribution,
in turn, exerts a force on the immersed particles that may be attributed either

to the buoyancy term [qﬁ?gj or to the other term in the decomposition
— — —
[nf2]. [..] this is the reason why f, is greater than fi by a factor 1/e.”

Jackson (2000)
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Two-phase equations
Using the first decomposition for the fluid-particle interaction led to

Mass conservation equations
, . . .
9¢ LV, (euf) =0 ; % V. <<75u”> =0

ot

Momentum conservation equations

=(1-¢)V. (ﬁ) - WF +eprg

=Y. () + V. (57) + nfl 4 p. 7

PUF Workshop
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=
Fluid-particle interaction force n f;

Drag Lift Virtual Mass
—_——  —— —_—
. i — — — —
From experimental evidence: nfi = Fp + Fr + Fyu +..

— —
@ Drag force: F_D> = F(¢,lul 717°’>|) (uf 717*))

— Colinear to the relative motion
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=
Fluid-particle interaction force n f;

Drag Lift Virtual Mass
—_——  —— —_—
. i — — — —
From experimental evidence: nfi = Fp + Fr + Fyu +..

— —
@ Drag force: F_D> = F(¢,lul 717°’>|) (uf 717*))

— Colinear to the relative motion

— - — N
o Lift force: | Fr, = CrL() py ¢ (V /\uf) A (uf —us)

— Perpendicular to the plan formed by the relative motion and the vorticity
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=
Fluid-particle interaction force n f;

Drag Lift Virtual Mass
—_——  —— —_—
. i — — — —
From experimental evidence: nfi = Fp + Fr + Fyu +..

— —
@ Drag force: F_D> = F(¢,lul 717°’>|) (uf 717*))

— Colinear to the relative motion

— - — N
o Lift force: | Fr, = CrL() py ¢ (V /\uf) A (uf —us)

— Perpendicular to the plan formed by the relative motion and the vorticity

s —
Dfuf Dgu®

Dt Dt

—_—
@ Virtual Mass force: | Fypr = Cyar(9) py ¢

— Colinear to the relative acceleration
— We have 3 new equations, the two-phase equations are closed !
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Virtual Mass force

— —
Df’LLf Dgu®

vy =Cvm(®) pr ¢ Tt Tt

An accelerating or decelerating particle must move some volume of surrounding
fluid with it as it moves. The virtual mass force opposes the motion of particles.
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Virtual Mass force

— —
Dfuf Dgu®

Dt Dt

Fvar = Cvar(9) pr ¢

An accelerating or decelerating particle must move some volume of surrounding
fluid with it as it moves. The virtual mass force opposes the motion of particles.

wnr: Natural frequency

k: Spring stifness

MASS
N I X(1) MASS

w, = L/ LW + mm,,,,_,d

PUF Workshop
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Lift force

PTL):CL(¢) pr @ (?/\17)/\(17—@?)

i f f f f
.- Uy > Uy = <
Lift t b Py <Py
ul | pf ' : .
P 3 a force from low to high velocity
ut
- ur
ul  pl

Lift force on a single particle (Saffman ,1965 and 1968):
F, = P 8—Uf (uf —up)
L 0z
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Drag force - Dilute flows

— -2 — - —
Fp = F(¢,Ju/ —u*|) <uf B us)

-2 —
d Stokes drag on a single particle: fp =3 7 D, n' <uf - u")
D3
[ Recalling Fp =n fp Withnvp:nﬂfip -4
— —
we obtain: Fp = 18 ¢7)2 <uf up>
g Dp
AT’
2
. . i 1 D - — -2 —
Dimensional analysis: Fp = 5 pr Cp 7T4p L (uf — up)
. . 24nf 24
Identifying the two expressions we get: Cp = —————— = — for Re << 1
f_ P €p
psDplu’ —u”|
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Drag force - Dilute flows

@ Influence of inertial effect (transition regime)

First order correction: Cp = ;—j (1 + %Rep for Re, < 5
P
Oseen (1910)
Empirical correlation: Cp = % (1 +0.15 Reg'687) for 0.5 < Re, < 1000
P

Schiller and Naumann (1933)
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Drag force - Dilute flows

@ Influence of inertial effect (transition regime)

First order correction: Cp = ;—j (1 + %Rep for Re, < 5
P
Oseen (1910)
Empirical correlation: Cp = RQ;l (1 +0.15 Reg'687) for 0.5 < Re, < 1000
P

Schiller and Naumann (1933)

o Influence of the particles concentration '

vs=v (1—9)" Richardson-Zaki (1954) S }
———
=£($) Ty
= FD =n fD (1 _ ¢)2—n ;u,» \\
\\ \i
n = 4.65 for low Reynolds Number Re, “ Y W-\ll_\'
From Chehata at al. (2006) T o e

phi
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Drag force - Dense flows

Darcy drag

@ Fluid viscosity: n
o Permeability: K = ¢,

with k = 180: Kozeny-Karman relation for the permeability (Goharzadeh et al.,

2005)

PUF Workshop
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Case of a suspension of particles in sedimentation
Hypothesis:

@ Inertia of the fluid is negligible

@ The fluid-particle interaction is dominated by the drag force

Mass conservation equations
Oe = [e20} — —
— ut — . T huP ) =
8t+v.(eu> 0o 8t+V.(Qu) 0

Momentum conservation equations

-
Py ;: = —eVp/ +€V. (Tf> 7F(uf7u_7;)+epf§>
f)qf)ﬁ — e y— - . - (= -2 =
psg = —Vp?P + V. (Tz)) —oVpl +oV. <Tf> + F(ul —uP) + ¢psg
0

Julien Chauchat PUF Workshop

Particulate two-phase flow modelling



The closure issue
00000000000

Case of a suspension of particles in sedimentation

Rewriting the equation for a 1D vertical problem, we get:

Mass conservation equations

% n dew’ ) , @ n dpwP 0 ; ow™ —0
ot 0z ot 0z

Momentum conservation equations
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We can choose 4 of the six previous equations

Mass conservation equations

o  OpwP ) ow™
ot 8z ’ 0z
Particle momentum equation

dpw?P opP 0 owP aopt 0 ow™ F
: =- +—" — ¢ +¢—Nefr——) + w™ — wP) — Ppsg
LT 0 T ) T8 T et ) T g ) = 9pag
m p m _ .p
where we have used the fact that w/ — w? = w —wP = v e
€ €

Mixture momentum equation

m

52 )+£("leff 52 )—p"g

m OWw™ opP  opf 0 owP 0 ow™
e = S
ot 0z 0z 0z

= We now have a system with only w™, w?, ¢, p’ and p? as variables
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Remark 1
Far from the bottom we can assume that:
. . Aw™'P 1o}
@ the flow is uniform and steady — v =—=—=0
0z ot o

@ the particle-particle interactions are negligible — p? = 7P =0

and so the momentum equations simplifies as
op’ F m
(W™ —w”) — ¢psg

0=—0% T 1%
o’
0="%. 7"

PUF Workshop
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Remark 1
Far from the bottom we can assume that:
ow™'P 0
= —_— = 0
0z ot
@ the particle-particle interactions are negligible — p? = 7P =0

@ the flow is uniform and steady —

and so the momentum equations simplifies as

0= 0%t ) = drg
_ooph
0=-%,—r9

Meaning that:
= The fluid pressure gradient balances the weight of the mixture p™g
= The drag force balances the apparent weight of the particles

0= ﬁ(wm —wP) — (1= ¢)(ps — ps)g
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Remark 2
At the bottom, the fluid and the particles are at rest — w™ = w? =0

and so the momentum equations simplifies as

Oii(r)pp - j‘()pf
T~z Yo

_oopr o9t
0= 0z 0z rg

PUF Workshop
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Remark 2

At the bottom, the fluid and the particles are at rest — w™ = w? =0

and so the momentum equations simplifies as

_op* f ‘()pf
0= 5% %5, bpsg
_oopr o9t
0= 0z 0z P9

Meaning that:
= The fluid pressure gradient balances the weight of the fluid prg

ap’
O = —
0z T P9
= The particle pressure gradient balances the apparent weight of the particles

é(ps — ps)g

__op*
0=-%, (ps — ps)g
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Synthesis

@ You know how to derive the two-phase equations?

= Averaging procedure

@ You have some ideas about how to close the two-phase equations
depending on the dilute or dense flow regime?

= Closure issue

@ We have shown that the equation of motion for spherical particles in
sedimentation seems to be well represented by the two-phase equations

— In the second part of this lecture, we will apply these equations to the case
of bed-load transport by laminar shearing flows
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[Jackson, 1997] Jackson, R. (1997).
Locally averaged equations of motion for a mixture of identical spherical
particles and a newtonian fluid.
Chemical Engineering Science, 52:2457-2469.
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